Black holes in an ultraviolet complete quantum gravity 
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In this Letter we derive the gravity field equations by varying the action for an ultraviolet complete 
quantum gravity. Then we consider the case of a static source term and we determine an exact 
black hole solution. As a result we find a regular spacetime geometry: in place of the conventional 
curvature singularity extreme energy fluctuations of the gravitational field at small length scales 
provide an effective cosmological constant in a region locally described in terms of a deSitter space. 
We show that the new metric coincides with the noncommutative geometry inspired Schwarzschild 
black hole. Indeed we show that the ultraviolet complete quantum gravity, generated by ordinary 
matter is the dual theory of ordinary Einstein gravity coupled to a noncommutative smeared matter. 
In other words we obtain further insights about that quantum gravity mechanism which improves 
Einstein gravity in the vicinity of curvature singularities. This corroborates all the existing literature 
in the physics and phenomenology of noncommutative black holes. 
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An ultraviolet (UV) complete quantum gravity theory 
has been formulated using a diffcomorphism invariant ac- 
tion in which the gravitational strength is 

y/G(x) = y/G^rp(.x)/A&), (1) 

where Gn is Newton's constant, □ = g^ v V '„ is the 
generally covariant D'Alcmbcrtian operator, and J- is an 
entire function [l[. Moreover, Aq is a constant gravita- 
tional energy scale and the entire function T has no poles 
in the finite complex plane. The quantum gravity pertur- 
bation theory expanded against a fixed Minkowski back- 
ground spacetime is locally gauge invariant and unitary 
to all orders. The graviton-graviton and graviton-matter 
loops in Euclidean momentum space are finite to all or- 
ders. The graviton tree graphs are point-like and local 
maintaining the macroscopic local and causal property of 
gravity. 

The attempts to use noncommutative geometry to de- 
duce phenomenological results from a perturbative ex- 
pansion in the noncommutative parameter 6, run into 
the difficulty that a truncation of the Moyal ^-product 
makes the theory local and leads to a lack of renormal- 
izabilty in the quantum gravity version of the theory 
(for a general review on the topic see Q). In contrast, 
we find that the nonlocal nature of the vertex function in 
the perturbative UV complete quantum gravity theory 
does not require a truncation, retaining its full nonlocal- 
ity while the graviton is described by a local, microcausal 
field and propagator. The same holds true for the UV 



complete standard model Fcynman rules in which the in- 
teraction of particles is nonlocal but the physical fields 
and propagators are local and causal 

In the following, we investigate the consequences of the 
UV complete quantum gravity for black holes. Along the 
lines in |l| we start with the four-dimensional action for 
gravity: 

Sgrav = ^ / d A x^G-\x) (R - 2 A) , (2) 

where we use the signature ( — h ++) and A is the cos- 
mological constant. The action @ has a nonlocal char- 
acter because of the presence of the term J 7-2 . In the 
Euclidean momentum space representation: y G(p 2 ) = 
\/G~nJ- (p 2 /Ag) and in addition we require the on shell 
condition G(0) = Gn- The field equations are obtained 
by varying the action (J2J) with respect to the metric g^ . 
By neglecting surface terms coming from the variation of 
the generally-covariant D'Alembertian Q, we find 

J"" 2 (a{x)/A 2 G ) (r^ - ^g uu R^j = 8nG N T^ : (3) 

where we have set A = 0. We notice that (|3|) can be cast 
in a different form by "shifting" the the operator J 7-2 to 
the r.h.s. leaving the l.h.s. in the canonical form, i.e., 

R/J.U — -^9iivR = ^GjssS^v, (4) 
where the tensor 

= F 2 p(x)/A%) T^. (5) 
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We notice that the new source term is conserved, i.e., 
V^S 71 " = 0. As a matter of fact, (gj) describes Ein- 
stein gravity coupled to a generalized matter source term, 
while ([3]) describes the UV complete quantum gravity 
produced by ordinary matter. The two interpretations 
are physically equivalent. 

Our main purpose is to solve the field equations by as- 
suming a static source, i.e., the four- velocity field m m has 
only a non- vanishing time- like component = (it°,0) 
u° = (-.g 00 ) -1 / 2 . The component T° of the energy- 
momentum tensor for a static source is given by Q 



J o — - 



M 
An r' 



■S(r). 



(6) 



The metric of our spacetime is assumed to be given by 
the usual static, spherically symmetric form 



ds 2 = -f(r)dt 2 + ^ + r 2 tf, 



where 



fir) = 1 



2G(r)M 



(7) 



(8) 



In Einstein gravity G(r) = Gn and one obtains the 
Schwarzschild geometry. To solve field equations we fol- 
low the form (j4)), by determining the generalized matter 
source term S^. The metric component can be written 

as 



fir) = 1 



2G N m(r) 



where 



m(r) 



4tt / drr 2 S u 



(9) 



(10) 



For later convenience we temporarily adopt free falling 
Cartesian-like coordinates and we calculate 

S\ = -MT 2 (□(x)/A 2 .) S(x) = - PAo ix). (11) 

The covariant conservation and the additional condition, 
cjoq = —g^r, completely specify the form of S^ u . Before 
proceeding further, we need to specify the form of J- 
within the class of entire functions. We do not know 
the unique choice. However, a simple form of J- fulfilling 
the properties we require is 



?iv 2 



cxp 



-P 



2A 2 G 



(12) 



in Euclidean momentum space Q. As a check of consis- 
tency we can see that all Feynman graviton loops contain- 
ing at least one vertex function J- are ultraviolet finite. 
As a consequence we have 



T 2 iD(x)/A 2 G ) S(x) 



5(x) = 



d 3 p e 



(13) 



By calculating the above integral, one gets 
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e 



PA G ix) =M [ 




x 2 A 2 G /4 



(14) 



We notice that the generalized matter energy density pro- 
file is a Gaussian whose width is 1/Aq. This means 
that for energies smaller than A& the function p\ G (a?) 
approaches the Dirac delta distribution S(x). This is 
equivalent to say that the function m(r) becomes the 
total mass M in Newtonian gravity, since we are prob- 
ing the system at asymptotic length scales where the UV 
complete quantum gravity is nothing but Einstein grav- 
ity. The final step is to obtain the mass function of the 
matter. From (110D one finds 



where 



m(r) = M 



r(3/2;r 2 A^/4) 



T (3/2^/4) 

r(3/2) 



dtt 1 ' 2 



r 2 A 2 /4 



(15) 



(16) 



and r(3/2) = v / 7r/2 is Euler's gamma function. By ex- 
panding ((15)1 for r ^> 1/ Ag we have 



m(r) w M 



1 



(17) 



which matches the required value M up to exponentially 
suppressed corrections. Such corrections are important 
since the UV complete quantum gravity can lead to ex- 
perimentally testable deviations from Newton's law Q 



0jv(r) = G N 



M 



(18) 



On the other hand we can observe the UV completeness 
of the theory at work in the high energy regime. Indeed 
if we expand (fT5)) for r <C 1/ Aq we get 



m(r) 



1 M 



r 3 A? 



(19) 



6^ 

At this point we can substitute this value into © to get 

dr 2 



ds' 



1 



A nff r 2 



di 1 



1 



A cff r 2 



r 2 Q 2 .{20) 



This is a deSitter line element whose effective cosmo- 
logical constant A ff = MGnAq/ \Ztt, accounts for the 
"vacuum energy" of the "field" g^ v . In other words we 
show that in the UV complete quantum gravity the grav- 
itational field acquires a repulsive character as far as one 
probes the seething fabric of spacetime. Again we can 
say that the intrinsic nonlocality of the action ([2]) is able 
to tame the curvature singularity of the Schwarzschild so- 
lution (see the Fig. [TJ). By calculating curvature tensors 
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at the origin one finds that they are finite. For instance 
the Ricci scalar reads 



R(0) 



4MG N A 3 G 



(21) 



Weak [dolled), Stnins; idashed) and Dominant (solid) 





FIG. 1: The solution admits one, two or no horizons depend- 
ing on M. In the case of two horizons, f(r±) = 0, the Penrose 
diagram resembles the Reissner-Norstrom geometry, except 
for the origin where a regular deSitter core lies in place of the 
curvature singularity. 



To get more insights about the nature of the general- 
ized matter that generates the above regular geometry, it 
is worthwhile to analyse the energy conditions. First one 
has to determine the nonvanishing pressure terms com- 
ing from the conservation of the stress tensor S^. For 
instance the strong energy condition reads 



PA C 



- Pr + IPA 



G 



- 2 > 0, 



(22) 



where p r is the radial pressure and p± is the angular one. 
From Fig. [5] we can see that in the vicinity of the origin 
the matter has an exotic character, i.e., strong, dominant 
and weak energy conditions are violated. 

At this point we could proceed further by studying the 
horizon equation, the thermodynamic properties and the 
global structure of the solution. However we prefer to 



FIG. 2: The dashed curve is the function (pA G +p r + 2p±) / A% 
vs rAa (strong energy condition); the solid curve is (pA G — 
\p±\)/Aq (dominant energy condition); the dotted curve is 
(pA G +P±)/Aq (weak energy condition). In a region within 
r = 6/Ag all conditions are violated. 



stop here, since the line element we have found 



f(r) 



2G N M 7 (3/2;r 2 Ajy4) 
r(3/2) 



(23) 



is nothing but the noncommutative geometry inspired 
Schwarzschild black hole H, where 7 (3/2; x) = T (3/2)- 
r (3/2; x). In this scenario the noncommutative geome- 
try induced minimal length \fd is nothing but l/Ap. The 
above metric was derived by one of us and his coworkers 
Smailagic, Spallucci after a long path. At the time there 
were already several attempts of incorporating noncom- 
mutative effects in black hole physics. All such attempts 
were based on expansions of the ^-product among viel- 
bein fields entering gravity Lagrangians Q . The problem 
is that any truncation at a desired order in the noncom- 
mutative parameter basically destroys the non-locality 
encoded in the ^-product and gives rise to a local the- 
ory, plagued by spurious momentum-dependent terms. 
As a result, in spite of the mathematical exactitude, all 
the proposed corrections coming from this kind of ap- 
proach failed in curing the bad short distance behavior 
of black hole solutions in Einstein gravity Against 
this background, the noncommutative geometry inspired 
Schwarzschild solution was derived in an effective way. 

Instead of embarking on the interesting but difficult 
problem of formulating a computationally viable non- 
commutative gravity, it is worthwhile to study the av- 
erage effect of manifold noncommutative fluctuations on 
point like sources. In a series of pap ers based on the 
ordinate 
1 by meai 

products [1J]), it has been shown that the mean posi- 



use of coordinate coherent states 



papers 



(and recently 



confirmed by means of another approach based on Voros 
products [1J]), it has been shown that the mean posi- 
tion of a pointlike object in noncommutative geometry is 
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no longer governed by a Dirac delta function, but by a 
Gaussian distribution. 

As a second step toward the solution (j2"5]) . it has been 
shown that primary corrections to any field equation 
in the presence of a noncommutative smearing can be 
obtained by replacing the source term (matter sector) 
with a Gaussian distribution, while keeping formally un- 
changed differential operators (geometry sector) [l5[. In 
the specific case of the gravity field equations this is 
equivalent to saying that the only modification occurs 
at the level of the energy-momentum tensor, while G M „ 
is formally left unchanged. In this spirit further solutions 
have been derived corresponding to the case of dirty , 
charged 17j, spinning [18[ black holes (for a review see 
0)- 

Another important feature concerns the new thermo- 
dynamics of these black holes. Indeed, even for the neu- 
tral solution, the Hawking temperature reaches a max- 
imum before running a positive heat capacity, cooling 
down phase towards a zero temperature remnant config- 
uration [2^. As a consequence, according to this sce- 
nario quantum back reaction is strongly suppressed in 
contrast to conventional limits of validity of the semiclas- 
sical approximation in the terminal phase of the evap- 
oration. Furthermore the higher-dimensional solutions 
[2H I22I ] , due to their attractive properties have been re- 
cently taken into account in Monte Carlo simulations 
as reliable candidate models to describe the conjectured 
production of microscopic black holes in particle acceler- 
ators [H. 

Let us consider further our solution and the relation 
between UV complete quantum gravity and noncommu- 
tative geometry. First, the form of equations © tells 
us that we are workingin the framework of UV com- 
plete quantum gravity Indeed the matter sector is 
unchanged, while nonlocal modifications enter the geom- 
etry. The dual theory is governed by equation ((4]), that 
is based on a generalized matter energy-momentum ten- 
sor, keeping the Einstein tensor in the canonical form. It 
is now clear that the exotic nature of matter is nothing 
but a "seething" noncommutative character of the source 
term. More specifically, the duality between the two de- 
scriptions holds also at the level of the specific choice of 
the operator J 7 . Indeed the natural choice (fT2"j) . i.e., the 
simplest form within the class of entire functions, corre- 
sponds to the case of primary noncommutative geometry 
corrections to the manifold, as often advocated in [lCW — 
Il3j |. The virtue of these primary corrections is that they 
arc not the result of a truncation in a pcrturbative ex- 
pansion, but are intrinsically nonlocal. The natural dual- 
ity link between the UV complete quantum gravity and 
the Einstein field equations with a generalized energy- 
momentum tensor sheds light on the interpretation of 
this key point. 
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